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Motivation and Intro duction

App ea rance and histo rical p ropaganda of BSE - relativistic e�ect in �ne and

hyp er�ne splitting in a hydrogen-lik e atom QFT application,

Salp eter (1952), Salp eter and New comb (1952), Salp eter (1953)

Histo rical review: Bethe-Salp eter Equation � The Origins, Edwin E. Salp eter, a rXiv:0811.1050

Inhomogeneous BSE - quantum �eld theo ry based description of relativistic

b ound states. Suitable fo r description of (quasi)stable 2b o dy states. The BSE

couples to in�nite system of SDEs, BSE is a pa rt of them. In strong coupling

theo ries it cannot b e studied alone, but must b e considered in the framew o rk with

the all other GF s, eg. changes from dressing of all GF s app ea ring in the k ernel

should b e considered.



Recent applications:

� Mesons= q�q states A. Krassnigg, a rXiv:0909.4016 Lei Chang, C.D. Rob erts, Phys.Rev.Lett.,

103:081601,(2009). A. Ho ell, A. Krassnigg, P . Ma ris, C.D. Rob erts, S.V. W right, Phys. Rev. C71

(2005) 065204.

� b ey ond SM- technihadrons, comp osite Higgses, exotic b ound states (da rk

matter Higgsonium), etc...

A. Do�, A. A. Natale, P . S. Ro drigues da Silva, a rXiv:0905.2981 V. Sauli,a rXiv:0806.3454 M. Kurachi, R.

Shro ck, JHEP0612:034 ,2006 M. Ha rada, M. Kurachi, K. Y ama w aki, Prog.Theo r.Phys. 115 (2006).

� e�ective applications (mostly in 3 dim reduction)- Deuteron Kapta ri et all,

Phys.Rev.C54:986,1996, Bonda renk o et all, Phys.A tom.Nucl.70:2054-2065,2007 J. A dam eta all. Phys.Rev.

C66 (2002)044003.



All pa rticles have their o wn times-> BSE has complicated singula r k ernel stm-

ming from 1(small p roblem):- BSE is comp osed from GF s, they have singula rities

of GF s- p oles, b ranch p oints and 2(big p roblem):- singula rities in SDEs k ernels

stemming from integral measure b ecause of Mink o wski metric�>

No direct assumption-less Mink o wski space solution of BSE is kno wn until the

date. T w o w a ys out-

A) Wick rotation , Euclidean space numerical solution,

B) metho d of IR

- at the end w e sta y in Mink o wski space again. A dvantages of B) -Hadrons,

atoms and nuclei have P 2 > 0, no extrap olation of numerical data is needed,

chance fo r excitations

-One can get frame indep endent solution! It can b e useful when fo rm facto rs

a re constructed.



PTIR, and what do es it means Mink o wski BSE solution

PTIR (P erturbation Theo ry Integral rep resentation) of Greens functions:

Nak anishi- Graph Theo ry and F eynman Integrals, 1971

Review of applications to SDEs, BSE: V. Sauli, FBS.39:45,(2006)

General PTIR derivation b y Nak anishi is based on the analytical structure

of F eynman diagrams, i.e. on F eynman pa rametrization and lo op momentum

integration. The Wick rotation is p erfo rmed since the fo rmal continuation to

Mink o wski space is as clea r as in the p erturbation theo ry .

Mink o wski solution of BSE b y PTIR metho d = Wick rotation is allo w ed and

p erfo rmed analytically (but it do es not mean that WR is not assumed)

Mink o wski PTIR based solution must agree with the Euclidean solutions!



PTIR is unique in a given scheme. PTIR is p roved fo r any F eyman diagram

an trivially to any o rder, ho w ever p ro of is p erturbative (not-selfconsistent).

Examples of PTIR (o r generalized PTIR):

� 2p GF -Assuming p erturbative analyticit y of Green`s function,e.g. Propagato rs

satisfy KLR:

GKLR (k ) =

1Z

0

dM 2� (M 2)D (k 2; M 2)

D (k; M 2) =
1

k 2 � M 2 + i"

The inverse p ropagato r (selfenergy , p ola rization, etc..) DR

G � 1 = p2 � �( p) = polyn: +

1Z

T

dM 2� (M 2)D (k 2; M 2)



� 3legs: F o r the three-leg vertex function �( p1; p2; p3) analysis of contributing

F eynman diagrams leads to the PTIR

�( p1; p2; p3) =

1Z

0

d�
3Y

i =1

1Z

0

dzi � (1�
3X

i =1

zi )
� 3(�; ~z )

� � (z1p2
1 + z2p2

2 + z3p2
3) � i�

;

where the momenta a re conserved p1 + p2 + p3 = 0 , the inva riant squa res a re

indep endent and the single w eight function � 3(�; ~z ) is su�cient to describ e

the sum of all relevant F eynman diagrams.



� 4legs: The scattering matrix M (p; q; P) describ es the p ro cess � 1� 2 ! � 3� 4 ,

where p = ( q1 � q2)=2 and q = ( q3 � q4)=2 a re the initial and �nal relative

momenta, resp ectively , and P is the total four-momentum.

M (p; q; P ) =

1Z

0

d

Z
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;

where q2
i is the squa re of the four-momentum ca rried b y � i and s; t; and u

a re the Mandelstam va riables.

M fo r ladder BSE is generated via.:

M ir (p; q; P ) =
g2

� 2 � (p � q)2 � i�



� T w o Bo dy BSE PTIR

De�nitions: Inhomogeneous BSE (SDE fo r G4 ) fo r the full four-p oint Green's

function G satis�es

G = GBS � GBS MG BS ; (1)

M = V � V GBS M

GBS = � iG (1) G (2) is the free t w o-pa rticle p ropagato r. The BS w ave function

�( x 1; x 2) = < 0jT [� (x 1) �� (x 2)] jP > , is related to the BS vertex function b y

� = GBS �

The vertex function satis�es the BSE

� = �
Z

V GBS �



PTIR BSE- lik e 3leg diagram, but the total momenta is �xed P 2 = M 2
B , PTIR

fo r BSE reduces in the region of 0 < P 2 < 4m2

to the follo wing t w o-va riable

sp ectral rep resentation:

�( p; P) =

1Z

� min

d�

1Z

� 1

dz
~� (�; z ; P 2)

� � (p + zP
2 )2 � i�

=

1Z

� min

d�

1Z

� 1

dz
� (�; z ; P 2)

� � (p2 + zp � P + P 2

4 ) � i�
;

where P = p1 + p2 , p = ( p1 � p2)=2.



The Bethe-Salp eter equation fo r (pathological) W CMs

Classical Lagrangean of (gauged) W CM

L = ( D � � 1)+ D � � 1 +
1

2
@� � 2@� � 2 +

1

2
@� � 3@� � 3 �

1

4
F �� F �� � V ( � i ) ;

V ( � i ) =
�

m 2
1 + g� 3

�
� +

1 � 1 +

 
m 2

2
2

+
g

2
� 3

!

� 2
2 +

1

2
m 2

3� 2
3 ;

BSE fo r (1,2)

�( p; P) = i
Z

d4k
(2� )4 V(p; k; P)G(1) (k + P=2)G(2) (� k + P=2)�( k; P )



�( p; P ) = i
Z

d4k

(2 � )4 V (p; k ; P )G (1) (k + P=2)G (2) ( � k + P=2)�( k; P )

P P
V

Figure 1: Diagrammatical rep resentation of the BSE fo r the b ound

state vertex function.



The b oth the BSE vertex function and BSE w ave functions which satisfy t w o

dim PTIR!, while V; Gi satisfy PTIR fo r M and fo r Gi .

� is smo oth function fo r massive case (all internal legs ca rries massive

pa rticles), but it can includes delta functions (some of the pa rticles a re massless-

o riginal W CR mo del), taking

�( p; P) =

1Z

� 1

dz
� (z)

m2 � (p2 + zp � P + P 2=4) � i�

one can solve ladder BSE of W CM with massless exchanged scala r b oson

Generalized massive W CM b y PTIR: Kusak a, Simpson , Williams, PRD 1997, V.Sauli, J.A dam,

2000 PRD (symplifying numerics, removing the integrations in the k ernel)

�( p; P ) =

1Z

� 1

dz

1Z

0

d�
� [n ](z; � )

[� � (p2 + zp � P + P 2=4) � i� ][n ]



� [n ](� 0; z0) = �

1Z

� 1

dz

1Z

� min (z)

d� V [n ](� 0; z0; �; z ) � [n ](�; z )

where w e denoted � = g2=(4� )2

.

The ladder BSE N=1, M = m1 = m2 (mistak e in def. of D in PRD version)

~V [1] ( � 0; z 0; �; z ) �
X

i = �

X

t =0 ;T �

�( x i ( t ))�(1 � x i ( t ))�( D )

2J ( � 0; z 0) jE (x i ( t ) ; S; � 0) j

x � ( t ) =
� B ( t ) �

p
D ( t )

2A
; D ( t ) = B ( t )2 � 4Am 2

3 ; A = ~� � S ; B ( t ) = R ( t ) � ~� � m 2
3 ;

E (x ) = ~� �
� 2

x 2 � S ; R ( t ) = Jt + M 2 ; J = � � M 2 ; S = (1 � ~z2)
P 2

4
; T� =

1 � ~z

1 � z
:

BSE solved in va rious app ro ximations:



1. ladder BSE 2. ladder BSE with dresses V 3. including co rrections to all

guys in the ladder BSE

Compa rison of sp ectra fo r numb er of pa rameters m1;2;3 , calculation of EMG

fo rm facto rs (without numerical b o osting) V. Sauli, J. A dam Phys.Rev. D67 (2003)

4. crossed ladder- this conference



Sample results W CM:
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Figure 2: The rescaled w eight function ~� ( �; z ) of the b ound-state

vertex fo r � = 0 :95 calculated in ba re ladder app ro ximation with

m 3 = 0 :5m .



Sample results fo r dressed ladder BSE W CM
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Figure 3: The eigenvalues

~� calculated fo r the ba re BSE, with dressed

k ernel V and fo r dressed ladder BSE as describ ed in the text. Bey ond

the critical value of coupling

~� crit = g2=(4 �m )1 :5 only the ba re

solution is available. � =
p

P 2=2m

Since W CM has no true vacuum (p otential is un-

b ounded from b ello w), it is very lik ely that

~� crit is reduced

when higher sk eleton a re considered and p erhaps shrink

into zero when w e w ould ask fo r full solution.



W CM conclusion

Main message: considering dressed p ropagato rs, only solutions consistent with

PTIR can b e considered. There is critical coupling, b ey ond this coupling the

results fo r W CM BSE a re meaningless.

Alk ofer,Ahlig ,Annals Phys. 275 (1999) 113 -Inconstencies of BSE...



Physically meaningful theo ries

� Scala r, gauge singlet of any gauge group:

V = S2m2=2 + gS3=3 + �S 4=4

Ground state at S = 0 fo r � > g 2=(4m2)

In BSE S4

term is contact rep elling fo rce b et w een t w o scala rs. What a re the

relativistic b ound states? Do they exist?

� SM and b ey ond-Can Higgs �elds bind itself into the b ound states?

xSM: H Higgs doublet, S-scala r

L = ( D � H )yD � H +
1

2
@� S@� S � V (H; S )



V (H; S ) = � (H yH �
v2

2
)2 +

� 1

2
H yH S

+
� 2

2
H yH S 2 + � 1v2S +

� 2

2
S2 +

� 3

3
S3 +

� 4

4
S4:

Higgsonium BSE:

� =
Z

k
V G [2] �

G [2] (k; P ) = D (k + P=2; M 2
1 )D ( � k + P=2; M 2

1 ) ; (2)

D (k; M 2) =
1

k 2 � M 2 � "



T rick b y G. Rupp, Phys. Lett. B 288, 99 (1992) :

� p(p; P) = � I (P)
Z

k
Vp(k; p; P)G[2](k; P )+

Z

k
Vp(k; p; P)G[2](k; P )� p(k; P )

where

VI = Vc + Vs ; Vp = Vt + Vu ;

p- relative momenta dep endent, I- Inhomogeneous- (only P) dep endent term So

the full solution of BSE is the sum, � I (P) is purely algeb raic

�( p; P) = � I (P) + � p(p; P) ; � I (P) =
VI

R
k � p(k; P )G[2](k; P )

1 � VI
R

k G[2](k; P )



Integral Rep resentation:

�( P; p) = � I (P) +

1Z

� 1

d�

1Z

�1

d�
� p(�; � )

[F (�; � ; P; p)]
;

where � p is assumed to b e continuous smo oth function. On can derived that BSE

is equivalent to the

� p(�; � ) =
1

� � M 2
1

2

4� I (P)� I (�; � ) +

1Z

� 1

dz

1Z

�1

da � p(a; z)V(�; �; a; z )

3

5

where � I ; V a re kno wn. The BSE is reduced to t w o integral equations.



Solutions: V. S.,a rXiv:0808.1894, AIPConf.Pro c.1030:274-279,2008 a rXiv:0806.3454 Dummy pa-

rameter n = 1 w as used to reduce human e�o rt, ho w ever it decrease numerical

convergence.

1) SM mo del- to get b ound states Higgs must b e heavier then 1T e V (acco rding

to G.R.)

2) xSM - F o r 200 Me V Higgs mass eigenstates few b ound states have b een

found not so fa r from the threshold � = 0 :8; 0:95 fo r reasonable la rge values of

trilinea r coupling of xSM.

3) Study is continuing



F ermion - antifermion pseudoscala r b ound states

OGE ladder BSE- V.S. J.Phys.G35:2008 The general structure of denominato rs in

p erturbative F eynman diagram do es not dep end on the spin! One can apply

PTIR.

Spin�> mo re degrees of freedom �> mo re indep endent scala rs. BSE fo r

pseudoscala r-

�( p; P) = � i
Z

d4k
(2� )4V (p; k; P)S1(k+ ; P)�( p; P)S2(k� ; P)

S0
i (p) =

6p + mi

p2 � m2
i + "



� 5 app ro ximation with constituent "qua rks",

�( q; P) = 
 5[� A + � B q:P 6q + � C 6P + � D 6q 6P + � E 6P 6q]

Pinch technique massive gluon p ropagato r Co rnw all, Binosi, P apavasilliou,..

V (p; q; P) = g2(� )D �� (p � q; � )
 � 
 
 �

� A (q; P) =
Z 1

0
d!

Z 1

� 1
dz

� [N ]
A (!; z )

[F (!; z ; P; q)]N

in general IR has Dirac, tenso r structure...

� (�; x i ) scala r theo ry

!
X

j

� j (�; x i )Pj



where �; x i rep resent the set of sp ectral va riables, and j runs over all p ossible

indep endent combinations of Lo rentz tenso rs and Dirac matrices Pj Sample

results:

� : 0.8 0.9 0.95 0.99

� 1.20 1.12 1.03 0.816

Coupling � s = g2=(4� ) as a function of binding fraction � =
p

P 2=(2M ) , fo r

exchanged massive gluon with mg = 0 :5M q .



The rescaled w eight function fo r almost

massless gluon
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Figure 4: The rescaled w eight function � = � [2] ( !;z )
! 2 fo r the follo wing

mo del pa rameters: � = 0 :95 , m g = 0 :001M , � s = 0 :666



T o y mo del with regge b ehaviour

V.Sauli and P . Bicudo, p relimina ry results

QCD Mesons- The exp erimental data �nds linea r Regge trajecto ries b oth fo r

angula r and radial excitations,

j ' � 0 + �M 2 ;

n ' � 0 + �M 2 :

Lo rentz cova riant study and solve the BSE fo r ground state with the "con�n-

ing" k ernel of the fo rm

V (q) =
const:

(q2 � � 2)2 ;



�( p; P) = i
Z

d4k
(2� )4 V (p � k)G(k+ ; m)G(k� ; m)�( k; P ) ;

where k� = k � P=2 and G(k; m) is the p ropagato r of scala r �eld with the

mass m and where the Bethe-Salp eter vertex function �( p; P) fo r b ound state

of o rbital momentum l is the p ro duct of hyp erspherical ha rmonics and the scala r

function � S(p; P) .

� [`;` z ](p; P) = � iY ` z
` (~p0)� S(p; P)

k ernel sp ectral function is functional:

d
da � (x � a) Is PTIR aplicable?

� [`;` z ]
S (p; P) =

1Z

� th

d�

1Z

� 1

dz
� [` ]

n (�; z )
[� � (p2 + zp � P + P 2=4) � i� ]n

;



Then homogeneous BSE turns to b e fo r pa rticula r xhoice n = 2

� [2] ( � 0; z 0) =
�

2

1Z

� 1

dz

1Z

�1

d� K ( � 0; z 0; �; z ) � [2] ( �; z ) +
�

2

1Z

� 1

dzV ( � 0; z 0; � D ; z ) � [2] ( � D ; z )

Results � = C
(4 � )2 = 0 :003m4 ; mu=m = 0 :2 ; m = 1 is scale
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Figure 5: R

egge trajecto ry of radial excitation as they a re seen in our relativistic to y mo del.

� = P 2=4m2

.

Mo del is not QCD, end gives very la rge � = 50GeV � 1

unless m ' 500MeV ,

fo r 7 � 8GeV qua rks can get co rrect � .



1. Mink o wski PTIR metho d is applicable ( with mo re o r less stable numeric)

Limitations -constituent masses, the total mass should b e less then sum of the

masses

2. W e get Regge trajecto ry (note in our mo del w e get � = 50=4m2

=1/4

numb er of equidistantly sp read b ound states b ello w threshold), pap er will app ea r.


